Two new associated Laguerre integral results  by Mavromatis, H.A. & Alassar, R.S.
PERGAMON Applied Mathematics Letters 14 (2001) 903-905 
Applied 
Mathematics 
Letters 
www.elsevier, nl/locat e/aml 
Two New Associated 
Laguerre Integral Results 
H. A.  MAVROMATIS  
Physics Department, King Fahd University of Petroleum and Minerals 
Dhahran 31261, Saudi Arabia 
R .  S. ALASSAR 
Department of Mathematical Sciences 
King Fahd University of Petroleum and Minerals 
Dhahran 31261, Saudi Arabia 
(Received November 1999; revised and accepted July 2000) 
Abst rac t - -New associated Laguerre integral results are obtained by eliminating an unnecessary 
restriction in [1]. The expression used to obtain these new results is compared to that given in [2] 
and shown to be different and of greater generality. Finally, some physical moments are discussed 
that require such integrals. Q 2001 Elsevier Science Ltd. All rights reserved. 
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Associated Laguerre polynomials [3] arise in a large number of physical and chemical contexts. 
Thus, the hydrogen [3] wavefunctions involve these polynomials as well as the eigenfunctions of 
the two-, three-, and in general N-dimensional (where N is > 2) harmonic oscillator [4]. In de- 
tail, the hydrogenic wavefunctions involve exp(-r)L2Z+~i_i(2r)rl as their radial component (with 
n -- 1, 2 and l -- 0 , . . . ,  n - 1) and the radial three-dimensional oscillator involves as radial com- 
ponent L~i /2( r  2) exp(-r2/2)r  I (with n = 0, 1 . . .  and l = 0, 1 . . .  ). Various integrals involving 
products of two associated Laguerre polynomials are tabulated [1,5,6]. In this paper, the as- 
sociated Laguerre polynomials are defined for integer n in terms of confluent hypergeometric 
functions according to [3] 
F(n + a + 1) 2 
L~(x) = r (n  + i ) r (a  + i) 1FI(-n; a + i; z), (i) 
In the derivation of [1], one has the restriction n' - n + a' - /3  > 0 that  turns out not to be 
required. The expression one obtains can be written: 
fo , 
exp(-x)x~L~(x)La,(x) d  = ( -1 )  n' r (n  + a + 1)2F(n ' ÷ a' ~- 1) 
nq 
F(Z + 1 + p)F(Z - a' + 1 + p) (2) n 
x )--]~(-1F r (n  + 1 - p)r(a + 1 + p)r(Z - a' + i - n '  + p)p!" 
p=0 
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This can be compared to the general expression given in [2] 
j~0 °° i / exp(-z)zaLa(z)La,(x) dx= ( -1 )  ~+~ r (n  + a + 1) r (n '  + a '  + 1)(/3 - a)!(/3 - a')! 
F(/3 + a + 1) (3) 
× ~ (n - ~) ! (n '  - ~).!(~ +/3  - a - ~,)!(~ +/3  - a '  - ~ ' ) ! , ! '  
Unlike equation (2), this is a symmetr ic  expression with regard to the interchanges (n,a)  +-+ 
(n', a') .  Also, it involves the restriction that /3 -a , /3 -a '  must both be integers. Thus, equation (2) 
is of greater general ity than equation (3). For/3 = n ' -n  + a', in equation (2) (i.e., n ' -n  + a ' - /3  
= 0), one has 
fo c exp(_x)xa'+,V-n a a' Ln(x)L,~,(z ) dx = ( -1 )  ~' F(n + a + 1)2F(n ' + a' + 1) nt! 
n p r (a '  + n '  - n +p+ 1) r (n '  - n + 1 +p)  (4) 
xE( -1 )  F (n+l -p )F (a+l+p)F( -n+p+l )p! "  
p=O 
A new integral result, subject to the constraint n ~ > n, is thus 
f0  O° t t i exp(_x)x a +n-nLa(x)na,(x) dx = ( -1 )  n+n' r (n '  + a' + 1)2P(n + a + 1) ~! , (5) 
since, in this case, only the term p = n contributes to equation (4). Otherwise, there is a pole. in 
the denominator  due to the gamma function F ( -n  + p + 1). 
I f  n ~ = n, equation (5) reduces to 
~0 
00 I I 
exp( -x)x  a L~(x)L a (x) dx = F(n + a'  + 1)2P(n + a + 1) 
n! (6) 
This appears to be the counterpart  of the standard orthogonality condition [7] 
j0 exp(-x)zaL~(x)La,(x) dx = F(n + a + n! 1)a 5~"  (7) 
I f  n t = n + 1, equation (5) reduces to 
f00G ' ¢ exp( -x )x  ~ +IL~(x)L~+I(x) dx = - F(n + a'  + 2)2p(nn! + a + 1) (8) 
Similar results follow for n' = n + 2, etc. 
A second new result is obtained for the case/3 = n' - n + a' + 1 (i.e., n'  - n - a' 7/3. = -1 )  in 
the derivation of [1] 
fo ~ ( _ l )~ , r (n  exp(-x)xa'+~'-n+lLa(x)La',(x) d  = + a + 1)2F(n' + a '~-  1) 
~( 1~ p F(a'+n'-n+p+2)F(n'-n+2+p) (9) 
x z__ , , -  , F (n  + 1 ' p ) r (a  + 1 + p) r ( -n  + p + 2)p!" 
p=0 
Subject to n'  _> n - 1, the second new result is 
fo  e<:) dTn~--n-}-I a a ~ exp( -x )x  n,~(x)L , (x) dx 
(io) 
= (_ l )n+ n, F(n '  + a'  + 1)2r(n + a + 1) 
n! [(n' + 1)(a' + n' + 1) - n(a + n)]. 
In this case, two terms contr ibute to equation (9), namely, p = n - 1 and n. 
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If n ~ = n -  1, then 
exp( -x )x  ~ L~(x)L~ l (x)  dx = F(n  + at)2F(n + a + 1)(a - a') 
- (n -  1)! 
(11) 
I f  addi t ional ly  a = a ~, integral (11) is zero, consistent with the orthogonal i ty  condit ion of equa- 
t ion (7) above. 
If n ~ = n, then 
~0 °° ' a a' F(n  -~- a t + 1)2F(n + a + 1) exp( -x )x  ~ +lLn(x )L  n (x) dx = [2n + n(a'  - a) + a' + 1]. (12) 
n! 
If a p = a and n t = n, these reduce to the publ ished result [5] 
/0 ~ [2n + a + 1] 
F (n  + a + 1) 3 
exp( -x )x~+lL~(x)L~(z )  dx = n! (13) 
If a '  = a, then 
~o c~ a..Fn'-n+l a a exp( -x )x  L~(x)L  n, (x) dx 
= (_ l )n+ ~, F (n '  + a + 1)2F(n + a + 1) [n,~ - n 2 1] n! + 2n' + a(n'  - n+ 1) + . 
(14) 
Simi lar expressions can be obtained for ~ = a ~ + n ~ - n + 2, etc., in the der ivat ion of [1]. 
The moments  of various important  systems are of physical interest. Consider the moments  of 
the three-d imensional  oscil lator. These are 
f0 ° (nl l ralnl} ~ exp(-x)Lln+l/2(x)xa/2+Z+l/2LZn+l/2(x ) dx. (15) 
Equat ion (3) of [2] allows one to evaluate only the even moments of this system since only then 
is D - a - a /2  an integer. By contrast,  equat ion (2), where in this case n t - n + a t - ~ = -c~/2,  
can be used to evaluate this moment whether c~ is odd or even. 
This paper  has shown that  many new associated Laguerre integral  results may be obta ined 
by relaxing the unnecessary restr ict ion n r - n + a t - 3 > 0 in equat ion (2). These include the 
results of equations (5), (6), (8), (10)-(12), and (14) in this paper,  that  to the knowledge of the 
authors  are not tabulated,  and can be checked numerical ly for various values of n, n' and a, a t [8]. 
Relaxing this restr ict ion also enables one for example to evaluate analyt ica l ly  all the physical  
moments  of the simple harmonic oscil lator. 
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